Abstract. Invariant submanifolds of (/C,J.i)-manifolds and (/C,J.i)-space forms are studied.
Introduction
A differentiable I-form 1] on a differentiable manifold M2m+! is called a contact form if 1] 1\ (d1])m #-0 everywhere on M 2m +l, and M2m+1 equipped with a contact form is a contact manifold. It is well-known that there exist a unique global vector field ~, called the characteristic vector field, a (I, I)-tensor field ({J and a Riemannian metric <, > satisfying certain relations. The structure (1] ,~, ({J, <, » is called a contact metric structure and the manifold M2m+1 endowed with such a structure is said to be a contact metric manifold. A contact metric manifold is called a K-contact manifold if the structure vector filed ~ is Killing. A normal contact metric manifold is a Sasakian manifold. A Sasakian manifold is always a K-contact manifold and in dimension three a K-contact manifold is Sasakian. In [3] , Blair, Koufogiorgos and Papantoniou introduced the class of contact metric manifolds, in which the structure vector field belongs to the (/C, J.i)-nullity distribution. A contact metric manifold belonging to this class is called a (/C, J.i)-manifold. Characteristic examples of non-Sasakian (/C, J.i)-manifolds are the tangent sphere bundles of Riemannian manifolds of constant sectional curvature not equal to one and certain Lie groups [5] . Recently, T. Koufogiorgos introduced the notion of (/C, J.i )-space form [11] , which contains the well known class of Sasakian space forms for /C = 1. For more details about contact geometry we refer to [2] .
Mukut Mani TRIPATHI, Tooru SASAHARA and Jeong-Sik KIM In this paper we study invariant submanifolds of (K, j1)-manifolds. The paper is organized as follows. In the section 2 we give a brief account of contact metric manifolds, (K, j1)-manifolds and (K, j1)-space forms. Essential details for submanifolds are also given. In the section 3, first we prove that each totally umbilical submanifold of a contact metric manifold tangent to the structure vector field of the ambient manifold is minimal and consequently totally geodesic. Then, we give some basic equations for invariant submanifolds in a (K, j1)-manifold. As a consequence, every invariant submanifold of a (K, j1)-manifold becomes a (K,j1)-manifold. Next, we classify invariant submanifolds in a (K,j1)-manifold with parallel second fundamental form. Then, using a theorem of D. Blair, we give a classification of invariant submanifolds with parallel second fundamental form in a contact metric manifold whose structure vector field belongs to the K-nullity distribution. A corollary for invariant submanifolds in a Sasakian manifold is also given. Ricci tensor and scalar curvature for invariant submanifolds in a (K,j1)-space form are given in the section 4. Using these expressions, we find necessary and sufficient conditions for invariant submanifolds in a (K, j1)-space form to be totally umbilical and totally geodesic. Then a corollary for invariant submanifold of a Sasakian space form is given. In section 5, we study invariant submanifolds in a (K, ,u)-space form such that the normal connection is trivial. Among other results, it is proved that for an invariant submanifold in a (K,,u)-space form M(c) with codimension greater than two, the normal connection of the submanifold is trivial provided the submanifold is totally geodesic and c = 1. As a consequence, we have some corollaries for invariant submanifolds of Sasakian space forms. In the last section, a Simons' type formula for a compact invariant sub manifold of a (K,j1)-space form M(c) is established.
(K, ,a)-Contact Manifolds
A (2m + 1 )-dimensional differentiable manifold M is called an almost contact manifold if either its structural group can be reduced to U(m) x 1 or equivalently, there is an almost contact structure (ip,~,ij) consisting of a (1, 1) tensor field ip, a vector field ~, and a I-form ij satisfying
First and one of the remaining three relations of (2.1) imply the other two relations of (2.1). An almost contact structure (ip,~, ij) on M is said to be normal if the induced almost complex structure P on the product manifold M x R defined In a contact metric manifold iiI, the (I, I)-tensor field h defined by 2h = S2eiP is symmetric and satisfies
The (K,fJ.)-nullity distribution of a contact metric manifold iiI is a distribution [3] 
where K and fJ. are cons tan ts. [5] . For more details we refer to [2] , [3] and [11] .
The sectional curvature K(X, ipX) of a plane section spanned by a unit vector X orthogonal to ~ is called a ip-sectional curvature. If 
Let M be a submanifold in a manifold M equipped with a Riemannian metric <,). [13] where
From Gauss and Weingarten formulas, we obtain
15)
consequently, the Gauss equation is
R(X, Y,Z, W) = R(X, Y,Z, W) -<a(X, W),a(Y,Z) + <a(X,Z),a(Y, W).
The covariant derivative of a is defined by (2.16) 
Invariant Submanifolds
Let M be an almost contact metric manifold with the structure (ip,~,ij,(,»).
For a submanifold M of M tangent to ~, we write the orthogonal direct de- 
If in a submanifold M of an almost contact metric manifold the structure vector field ~ is tangent to M and ipTpM c TpM, then M is called an invariant submanifold and inherits an almost contact metric structure (rp, ~, YJ, < , ») by restriction. Moreover, in view of (2.13) and (2.14), we have (3.7) Arpl.N = <pAN = -AN<P, (3.8) (VxiP)N = 0, (3.9) (3.11) Ahl.N = hAN = ANh, (3.12) (Vxh)N = 0, (3.13)
where Q is Ricci operator on the invariant submanifold.
PROOF. From (2.10), we have
(3.14)
Equating tangential and normal parts of right hand sides of (3.2) and (3.14), we get (3.6) and (3.7). Equation (3.8) is equivalent to (3.7). From (2.10) we have (3.9). Similarly, we can prove (3.10)-(3.13). Using (J(X, e,) = 0 in (2.15), we get
R(X, Y)¢ = R(X, Y)¢,
which in view of (2.8), gives
R(X, Y)e, = K(17( Y)X -17(Z) Y) + fl(17( Y)hX -17(Z)hY).
This completes the proof.
0
In view of the previous discussion in this section, we can state the following THEOREM 
An invariant submanifold of a (K,fl)-manifold is a (K,fl)-manifold.
We recall the following Lemma for later uses. The above theorem provides the following COROLLARY 3.5 [9] . (4) for n > 1 and flat for n = 1.
We close this section by proving the following PROPOSITION (4.1) where
IIal1 2 = 'L <a(e;,ej),a(e;,ej).
;,j=1
The equations (4.1) and (4.2) give the following 
4. Scalar curvature is given by r = n((n + I)c + 3(n -1)) + 4nK.
(4.4)
As an immediate consequence, we have the following 
A Sasakian manifold M is 11-Einstein if its Ricci tensor satisfies S(X, Y) = a(X, Y) + b11(X)11(Y), X, Y E TM,
where a and b are some constants [10] . A 3-dimensional Sasakian manifold is known to be 11-Einstein [4] and its Ricci curvature is given by S = (5 -l)g+ (3 -5)11 ® 11· Thus from (4.5), we see that M is 11-Einstein.
Invariant Submanifolds with Trivial Normal Connection
In this section, we assume that for an invariant submanifold M in a (K,J.1.)-space form M(c), the normal connection is trivial. Then, for a unit vector N E TJ.M and X, Y E TM, from (2.12) we get
On the other hand, from the equation of Ricci-Kuhn, we also have 
while in view of (2.12), we get
From the above two equations, we have We put
where R is the curvature tensor of M.
Let A be the Laplace operator acting on C'xl(M). Then we have the following (see, (3.12) in [6] ).
The equation of Codazzi implies that (6.2) Since M is minimal, from (2.21) in [6] and (6.2) we obtain (6.3) Moreover by using the Ricci-Kuhn equation, we see that the right side of (6.3) is equal to the following; + 2:::trace(AeAAel' -AeJlAeJ2 -2:::(trace Ae),Ae,') 2, (6.4) ).,1'
)., 1' where i? is the curvature tensor of M(c).
In view of (3.7) and (3.8), we observe that the shape operator 'of invariant submanifolds in contact metric manifolds has similar properties as that of Kaehler submanifolds in [12] . Hence by applying Proposition 3.1, Lemma 3.4 and (6.10) in [12] , we have Combining (6.1), (6.4), (6.5) and (6.9) , we obtain ~Ll1l0-112 ~ IIVo-II 2 + { -~ 110-11 2 + c(n +~) + 3n + K _ I} 110-112. (6.10) Now, we assume that M is compact. Then by applying Green's theorem, we have [8] or Theorem 2.1 of Kon [10] . But in case of K =I-1 and n =I-I, Theorem 6.1 does not coincide with Theorem 4.1 of Endo [8] .
